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Relationship between the second type of covering-based
rough set and matroid via closure operator
Yanfang Liu, William Zhu ⋆
Lab of Granular Computing
Zhangzhou Normal University, Zhangzhou 363000, China
Abstract. Recently, in order to broad the application and theoretical areas of
rough sets and matroids, some authors have combined them from many different
viewpoints, such as circuits, rank function, spanning sets and so on. In this paper,
we connect the second type of covering-based rough sets and matroids from the
view of closure operators. On one hand, we establish a closure system through the
fixed point family of the second type of covering lower approximation operator,
and then construct a closure operator. For a covering of a universe, the closure
operator is a closure one of a matroid if and only if the reduct of the covering
is a partition of the universe. On the other hand, we investigate the sufficient
and necessary condition that the second type of covering upper approximation
operation is a closure one of a matroid.
Keywords: Matroid; covering-based rough set; closure operator; lower and upper
approximation; indiscernible neighborhood and neighborhood; reduct.
1 Introduction
To deal with the vagueness and granularity in information systems, researchers pro-
posed several methods such as rough set theory [1] and fuzzy theory [2]. The classical
rough sets are based on equivalence relations or partitions which are restrictive for many
applications, then they have been extended to relation-based rough sets [3,4,5,6,7,8] and
covering-based rough sets [9,10,11,12].
As a generalization of linear algebra and graph theory, matroid theory [13,14] was
proposed by Whitney. Matroids have powerful axiomatic systems which provides a
well-platform to connect with other theories. They have combined with classical rough
sets [15,16,17,18,19], relation-based rough sets [20,21,22,23] and covering-based rough
sets [24,25,26,27]. In this paper, we connect the second type of covering-based rough
sets and matroids through closure operators.
On one hand, for a covering of a universe, the fixed point family of the second type
of covering lower approximation operator is a closure system if and only if the cover-
ing is unary. We induce a closure operator by the closure system. When the family of
neighborhoods of any element in the universe forms a partition, the closure operator is
a closure one of matroid. Moreover, we prove that the reduct of a covering is a partition
if and only if the covering is unary and the family of all the neighborhoods forms a
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partition. That is to say, the reduct of a covering is a partition if and only if the closure
operator induced by the fixed point family is a closure operator of a matroid.
On the other hand, we investigate the relationship between the second type of cov-
ering upper approximation operator and the closure operator of a matroid. In [28], Zhu
has studied the properties of the second type of covering-based rough sets. He gives
the sufficient and necessary condition that the second type of covering upper approxi-
mation operator satisfies the idempotency. However, in fact, the condition is just neces-
sary. Then, we investigate the same issue and provide the right sufficient and necessary
condition. Moreover, for a covering of a universe, the second type of covering upper
approximation operator is a closure one of a matroid if and only if the family of all
indiscernible neighborhoods of any element of the universe forms a partition.
The rest of this paper is organized as follows: In Section 2, we recall some basic
definitions of the second type of covering-based rough sets and matroids. Section 3
establishes a closure system through the second type of covering lower approximation
operator, constructs a closure operator and investigate the sufficient necessary condition
that the closure operator is a closure one of a matroid. In Section 4, we study the suf-
ficient and necessary condition that the second type of covering upper approximation
operator is a closure operator of a matroid. Finally, we conclude this paper in Section 5.
2 Basic definitions
In this section, we recall some basic definitions and results of the second type of
covering-based rough sets and matroids.
2.1 The second type of covering-based rough sets
As a generalization of classical rough sets, covering-based rough sets are obtained
through extending partitions to coverings.
Definition 1. (Covering [11]) Let U be a universe of discourse and C a family of sub-
sets of U . If none of subsets in C is empty and ∪C = U , then C is called a covering of
U .
It is clear that a partition of U is certainly a covering of U , so the concept of a
covering is an extension of the concept of a partition.
In the description of objects, we do not use all the features attributed to those ob-
jects. We limit ourself only to the most essential ones. The essential features of an object
are established by the following definition.
Definition 2. (Minimal description [9]) Let C be a covering of U and x ∈ U . The
following family:
Md(x) = {K ∈ C : x ∈ K ∧ (∀S ∈ C ∧ x ∈ S ∧ S ⊆ K ⇒ K = S)}
is called the minimal description of x.
Unary covering is an important concept of covering-based rough sets.
Definition 3. (Unary covering [29]) Let C be a covering of U . C is called unary if
|Md(x)| = 1 for all x ∈ U .
The core concepts of classical rough sets are the lower and upper approximation
operators. Through different forms of the lower and upper approximations based on
coverings, many types of covering-based rough sets are put forward. In this paper, we
investigate only the second type of covering-based rough sets.
Definition 4. (The second type of covering lower and upper approximation opera-
tors [29]) Let C be a covering of U . For any X ⊆ U ,
SLC(X) = ∪{K ∈ C : K ⊆ X},
SHC(X) = ∪{K ∈ C : K ∩X 6= ∅}.
We call SL, SH the second type of covering lower, upper approximation operators, re-
spectively. When the covering is clear, we omit the lowercase C for the two operators.
Proposition 1. ([9]) Let C be a covering of U . SL(X) = X if and only if X is a union
of some elements of C.
The second type of covering-based rough sets have the following properties.
Proposition 2. ([11,30]) Let C be a covering of U . For any X,Y ⊆ U ,
(1L) SL(U) = U
(1H) SH(U) = U
(2L) SL(∅) = ∅
(2H) SH(∅) = ∅
(3L) SL(X) ⊆ X
(3H) X ⊆ SH(X)
(4H) SH(X ∪ Y ) = SH(X) ∪ SH(Y )
(5L) SL(SL(X)) = SL(X)
(6L) X ⊆ Y ⇒ SL(X) ⊆ SL(Y )
(6H) X ⊆ Y ⇒ SH(X) ⊆ SH(Y )
(7LH) SL(X) ⊆ SH(X)
2.2 Matroids
A matroid is a structure that captures and generalizes the notion of linear indepen-
dence in vector spaces. In the following definition, we will introduce a matroid from
the viewpoint of independent sets.
Definition 5. (Matroid [13]) A matroid is a pair M = (U, I) consisting a finite uni-
verse U and a collection I of subsets of U called independent sets satisfying the follow-
ing three properties:
(I1) ∅ ∈ I;
(I2) If I ∈ I and I ′ ⊆ I , then I ′ ∈ I;
(I3) If I1, I2 ∈ I and |I1| < |I2|, then there exists u ∈ I2 − I1 such that I1 ∪ {u} ∈ I,
where |I| denotes the cardinality of I .
There are many different but equivalent ways to define a matroid. In the following,
we will generate a matroid in terms of closure operators.
Proposition 3. (Closure axiom [13]) Let cl : 2U → 2U be an operator. Then there
exists a matroid M such that cl = clM iff cl satisfies the following conditions:
(CL1) For all X ⊆ U , X ⊆ cl(X);
(CL2) For all X,Y ⊆ U , if X ⊆ Y , then cl(X) ⊆ cl(Y );
(CL3) For all X ⊆ U , cl(cl(X)) = cl(X);
(CL4) For all X ⊆ U, x ∈ U , if y ∈ cl(X ∪ {x})− cl(X), then x ∈ cl(X ∪ {y}).
3 The second type of lower approximation operator and closure
operator
In this section, we construct a matroid through the second type of lower approxima-
tion operator. First, we introduce the definition of closure systems.
Definition 6. (Closure system[18]) Let F be a family of subsets of U . F is called a
closure system if it satisfies the following conditions:
(F1) If F1, F2 ∈ F, then F1 ∩ F2 ∈ F;
(F2) U ∈ F.
Any closure system can induce a closure operator.
Proposition 4. Let F be a closure system of U . clF(X) = ∩{F ∈ F : X ⊆ F} is the
closure of X with respect to F and clF is called the closure operator induced by F. clF
holds the following properties: for all X,Y ⊆ U ,
(CLF1) X ⊆ clF(X);
(CLF2) If X ⊆ Y , then clF(X) ⊆ clF(Y );
(CLF3) clF(clF(X)) = clF(X).
We see that the closure operator of a matroid is more than the one induced by a
closure system a property (CL4) of Proposition 3. Through the second type of the lower
approximation operator, whether we can construct a closure system or not? In order to
solve this issue, we define a family of subsets of a universe through the fixed points of
the second type of covering lower approximation in the following definition.
Definition 7. (The fixed point family of the second type of covering lower approxima-
tion) Let C be a covering of U . We define the fixed point family of the second type of
covering lower approximation with respect to C as follows:
SC = {X ⊆ U : SL(X) = X}.
When there is no confusion, we omit the subscript C.
In the rest of this paper, we will call S the fixed point family for short unless oth-
erwise stated. A question is put forward: whether the fixed point family with respect to
a covering is a closure system or not? In order to solve this question, we introduce the
following lemma.
Lemma 1. ([31]) Let C be a covering of U . ∀X,Y ⊆ U, SL(X ∩ Y ) = SL(X) ∩
SL(Y ) if and only if C is unary.
The sufficient and necessary condition that the fixed point family forms a closure
system is obtained in the following theorem.
Theorem 1. Let C be a covering of U . S is a closure system if and only if C is unary.
Proof. According to Definition 7, S = {X ⊆ U : SL(X) = X}. According to
Definition 6, we need to prove only S satisfies (F1) and (F2).
(F1) For all X1, X2 ∈ S, SL(X1) = X1, SL(X2) = X2. According to Lemma 1,
SL(X1 ∩ X2) = SL(X1) ∩ SH(X2) if and only if C is unary, i.e., SL(X1 ∩X2) =
X1 ∩X2 if and only if C is unary. Therefore, X1 ∩X2 ∈ S.
(F2) According to (1L) of Proposition 2, SL(U) = U , i.e., U ∈ S.
Any closure system can induce a closure operator. We induce a closure operator by
the fixed point family through the same method.
Proposition 5. Let C be a unary covering of U and clC(X) = ∩{S ∈ S : X ⊆ S}.
Then clC is the closure operator induced by S, and it satisfies (CLF1), (CLF2) and
(CLF3) of Proposition 4.
Proof. According to Definition 6, Proposition 4 and Theorem 1, it is straightforward.
Can the closure operator induced by the fixed point family forms the closure opera-
tor of matroid? When the answer is yes, what is the condition satisfied the covering? In
the following, we investigate the condition. First, we introduce the definition of neigh-
borhood, as one of important concepts in covering-based rough sets.
Definition 8. (Neighborhood [32]) Let C be a covering of U and x ∈ U . NC(x) =
∩{K ∈ C : x ∈ K} is called the neighborhood of x with respect to C. When there is
no confusion, we omit the subscript C.
For a unary covering of a universe, we study the closure of any single point set and
any subset in the following proposition, respectively.
Proposition 6. Let C be a unary covering of U and clC the closure operator induced
by the fixed point family S.
(1) clC({x}) = N(x) for any x ∈ U .
(2) clC(X) = ∪
x∈X
N(x) for all X ⊆ U .
Proof. According to Definition 7, S = {X ⊆ U : SL(X) = X}. According to Propo-
sition 5, clC(X) = ∩{S ∈ S : X ⊆ S} for all X ⊆ U . Since C is unary, according to
Definition 3, for any x ∈ U , |Md(x)| = 1. According to Definition 2 and Definition 8,
∩Md(x) = N(x). Hence N(x) ∈ C.
(1) According to Proposition 1, we see SL(N(x)) = N(x). Therefore clC({x}) =
∩{S ∈ S : x ∈ S} = N(x).
(2) According to Proposition 1, we see SL( ∪
x∈X
N(x)) = ∪
x∈X
N(x). Therefore ∪
x∈X
N(x) ∈
S. Since X ⊆ ∪
x∈X
N(x), then clC(X) ⊆ ∪
x∈X
N(x), i.e., clC(X) ⊆ ∪
x∈X
clC({x}). Ac-
cording to Proposition 4 and Proposition 5, if X ⊆ Y , then clC(X) ⊆ clC(Y ). Then
∪
x∈X
clC({x}) ⊆ clC(X). Hence clC(X) = ∪
x∈X
clC({x}), i.e., clC(X) ⊆ ∪
x∈X
N(x).
When the closure operator induced by the fixed point family is one of a matroid, the
sufficient and necessary condition is obtained.
Theorem 2. Let C be a unary covering of U and clC the closure operator induced by
the fixed point family S. clC satisfies (CL4) of Proposition 3 if and only if {N(x) : x ∈
U} is a partition.
Proof. According to Proposition 3, we need to prove only for all X ⊆ U, x, y ∈ U, y ∈
clC(X ∪ {x}) − clC(X) ⇒ x ∈ clC(X ∪ {y}) if and only if {N(x) : x ∈ U} is a
partition.
(⇒): According to (2L) of Proposition 2, SL(∅) = ∅, i.e., ∅ ∈ S. Therefore clC(∅) = ∅.
Suppose X = ∅, then y ∈ clC(X ∪ {x}) − clC(X) ⇒ x ∈ clC(X ∪ {y}), i.e.,
y ∈ clC({x})⇒ x ∈ clC({y}). According to Proposition 6, we see if y ∈ N(x), then
x ∈ N(y). So {N(x) : x ∈ U} is a partition.
(⇐): According to Proposition 6, clC({x}) = N(x) for any x ∈ U and clC(X) =
∪
x∈X
N(x) for all X ⊆ U . If y ∈ clC(X ∪ {x}) − clC(X), i.e., y ∈ N(x), since
{N(x) : x ∈ U} is a partition, then x ∈ N(y), i.e., x ∈ clC({y}) ⊆ clC(X ∪ {y}).
From the above theorem, for a covering of a universe, we see the closure operator
induced by the fixed point family is the closure operator of a matroid when the covering
is unary and its neighborhoods of every element of the universe form a partition. In the
following, we will investigate some properties of the covering. First, we introduce the
definition of reducible elements and related results.
Definition 9. (A reducible element of a covering [11]) Let C be a covering of U and
K ∈ C. If K is a union of some elements in C − {K}, we say K is reducible in C,
otherwise K is irreducible.
As shown in [11], if all reducible elements are deleted from a covering C, the re-
mainder is still a covering and has no reducible elements. We call the new covering the
reduct of the original covering and denote it as reduct(C).
Lemma 2. ([31]) If C is unary, then reduct(C) = {K ∈Md(x) : x ∈ U}.
We can obtain the following result.
Proposition 7. Let C be a covering ofU . C is unary and {N(x) : x ∈ U} is a partition
if and only if reduct(C) is a partition.
Proof. (⇒): According to Definition 2 and Definition 8, we can obtainN(x) = ∩Md(x).
Since C is unary, then |Md(x)| = 1 for all x ∈ U . According to Lemma 2, we see
reduct(C) is a partition.
(⇐): Suppose C is not unary, then there exists x ∈ K1,K2 such that K1,K2 ∈
Md(x). According to Definition 9, K1 and K2 are not reducible elements. Therefore
K1 ∈ reduct(C) and K2 ∈ reduct(C), which is contradictory with the condition
that reduct(C) is a partition. Hence C is unary. According to Lemma 2, reduct(C) =
{K ∈Md(x) : x ∈ U}. Since N(x) = ∩Md(x), then reduct(C) = {N(x) : x ∈ U}.
Since reduct(C) is a partition, then {N(x) : x ∈ U} is a partition.
The sufficient and necessary condition that the operator induced by the fixed point
family is the closure operator of a matroid can be briefly described in the following
theorem.
Theorem 3. Let C be a covering of U . There exists M such that clM = clC if and only
if reduct(C) is a partition.
4 The second type of upper approximation operator and closure
operator
Generally, properties of upper approximation in covering-based rough sets and ones
of the closure operator in topology have a lot of similarity. In this section, we will study
the relationship between the second type of covering upper approximation operator and
the closure operator of a matroid.
In [28], Zhu has investigated the sufficient and necessary condition of the idempo-
tency of the second type of covering upper approximation operator.
Theorem 4. ([28]) SH satisfies
SH(SH(X)) = SH(X)
if and only if C satisfies the following property: ∀K,K1, · · · ,Km ∈ C, if K1 ∩ · · · ∩
Km 6= ∅ and K ∩ (K1 ∪ · · · ∪Km) 6= ∅, then K ⊆ (K1 ∪ · · · ∪Km).
However, the above theorem satisfies only the necessity. An counterexample is listed
to illustrate the sufficiency of the above theorem.
Example 1. Let U = {a, b, c} and C = {K1,K2} where K1 = {a, b},K2 = {a, c}.
Since it does not exist K ∈ C such that K 6= K1 and K 6= K2, then the condition is
a tautology. However, SH({b}) = {a, b}, SH(SH({a, b})) = {a, b, c}. Therefore, for
all X ⊆ U , SH(SH(X)) = SH(X) is not always satisfied.
In the following, we will study the sufficient and necessary condition. We first in-
troduce a lemma.
Lemma 3. ([28]) Let C be a covering of U . If {SH({x}) : x ∈ U} is a partition, then
SH(SH(X)) = SH(X) for all X ⊆ U .
Theorem 5. Let C be a covering of U . For all X ⊆ U , SH(SH(X)) = SH(X) if
and only if {SH({x}) : x ∈ U} is a partition.
Proof. (⇒): Suppose {SH({x}) : x ∈ U} is not a partition, then there exists x ∈ U
such that x ∈ SH({x1}), x ∈ SH({x2}) and SH({x1}) 6= SH({x2}). According
to Definition 4, we see there exist K1,K2 ∈ C such that {x, x1} ⊆ K1, {x, x2} ⊆
K2. Therefore, x1 ∈ SH({x}), x2 ∈ SH({x}). According to (3H) of Proposition 2,
we obtain SH({x}) ⊆ SH(SH({{x1}})), SH({x}) ⊆ SH(SH(x2)), SH({x1}) ⊆
SH(SH({x})) and SH({x1}) ⊆ SH(SH({x})). Since X ⊆ U , SH(SH(X)) =
SH(X), then SH({x}) = SH({x1}) and SH({x}) = SH({x2}), i.e., SH({x1}) =
SH({x2) which is contradictory with that SH({x1}) 6= SH({x2}). Hence, If for all
X ⊆ U , SH(SH(X)) = SH(X), then {SH({x}) : x ∈ U} is a partition.
(⇐): According to Lemma 3, it is straightforward.
When the second type of covering upper approximation operator is the closure op-
erator of a matroid, the condition is investigated in the following.
Theorem 6. Let C be a covering of U . SH is the closure operator of a matroid if and
only if {SH({x}) : x ∈ U} is a partition.
Proof. We need to prove that SH satisfies (CL1), (CL2), (CL3) and (CL4) of Proposi-
tion 3.
(CL1): According to (3H) of Proposition 2, for all X ⊆ U , X ⊆ SH(X);
(CL2): According to (6H) of Proposition 2, if X ⊆ Y ⊆ U , then SH(X) ⊆ SH(Y );
(CL3): According to Theorem 5, for all X ⊆ U , SH(SH(X)) = SH(X) if and only
if {SH({x}) : x ∈ U} is a partition.
(CL4): For all X ⊆ U, x, y ∈ U , suppose y ∈ SH(X ∪ {x}) − SH(X). According
to (4H) of Proposition 2, for all X,Y ⊆ U, SH(X ∪ Y ) = SH(X) ∪ SH(Y ). There-
fore, y ∈ SH(X ∪ {x}) − SH(X) = SH({x}) − SH(X) ⊆ SH({x}). So there
exists K ∈ C such that {x, y} ⊆ K . According to Definition 4, x ∈ SH({y}). Since
SH({y}) ⊆ SH(X ∪ {y}), then x ∈ SH(X ∪ {y}).
In order to further depict the second type of covering upper approximation operator,
we introduce indiscernible neighborhood in the following definition.
Definition 10. (Indiscernible neighborhood [32]) Let C be a covering of U and x ∈ U .
IC(x) = ∪{K ∈ C : x ∈ K} is called the indiscernible neighborhood of x with
respect to C. When there is no confusion, we omit the subscript C.
According to the above definition and Definition 4, for a covering of a universe,
the second type of covering upper approximation of any signal point set is equal to the
indiscernible neighborhood of the point.
Lemma 4. Let C be a covering of U . {SH({x}) : x ∈ U} is a partition if and only if
{I(x) : x ∈ U} is a partition.
We can easily obtain the following theorem.
Theorem 7. Let C be a covering of U . SH is the closure operator of a matroid if and
only if {I(x) : x ∈ U} is a partition.
5 Conclusions
In this paper, we investigated the relationship between the second type of covering-
based rough sets and matroids via closure operators. First, for a covering of a universe,
we constructed a closure system through the second type of covering lower approx-
imation operator, and then obtained a closure operator. The closure operator was the
closure one of a matroid if and only if the reduct of the covering was a partition. Sec-
ond, the second type of covering upper approximation operator is the closure operator
of a matroid if and only if the family of all indiscernible neighborhoods of any element
forms a partition. In future works, we will investigate relationships between other types
of covering-based rough sets and matroids via closure operators.
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